We derive theoretical upper and lower bounds on the maximum size of DNA codes of length n with constant GC-content w and minimum Hamming distance d, both with and without the additional constraint that the minimum Hamming distance between any codeword and the reverse-complement of any codeword be at least d. We also explicitly construct codes that are larger than the best previouslypublished codes for many choices of the parameters n, d and w.
Introduction
Libraries of DNA words satisfying certain combinatorial constraints have applications to DNA barcoding and DNA computing (see e.g. [17] and the references therein). The goal is to design libraries that are as large as possible given the constraints.
We first review some terminology and notation -see [16, 17] for more context. Let Z q denote the q-character alphabet {0, . . . , q − 1}. By a q-ary word of length n we mean an element x of Z n q , which we write as x = x 1 · · · x n . A q-ary code of length n is just a subset of Z n q , and the elements of the code are called codewords. The Hamming distance H(x, y) between two q-ary words x and y of length n is defined to be the number of coordinates in which they differ, and the Hamming weight of x is the number of coordinates in which it is nonzero. The maximum cardinality of a q-ary code of length n for which the minimum Hamming distance between two distinct codewords is at least d is denoted A q (n, d). If we also require each codeword to have Hamming weight w (i.e., that the code be a constantweight code), the maximum cardinality is denoted A q (n, d, w).
A DNA code is a q-ary code with q = 4; we identify the elements 0, 1, 2, 3 ∈ Z 4 with the nucleotides A, C, G, T (in that order). The reverse complement of a DNA word x = x 1 · · · x n is denoted by x RC , and is defined to be the word x n · · · x 1 where x i is the Watson-Crick complement of x i (i.e., A = T , T = A, C = G, and G = C). By requiring the minimum Hamming distance between two DNA codewords to be sufficiently large, one can make it unlikely that a codeword hybridizes to the reverse-complement of any other codeword. By requiring the minimum Hamming distance between a DNA Department of Biological Chemistry and Molecular Pharmacology, Harvard Medical School, 250 Longwood Avenue, SGMB-322 Boston, Massachusetts 02115, oliver king@hms.harvard.edu; supported in part by a fellowship from NIH/NHGRI.
(n, d, w) for all parameters, and we use lexicographic constructions to find explicit codes that improve on many of the lower bounds in [14, 23, 24] .
Upper bounds
Before giving upper bounds on the sizes of DNA codes with constant GC-content, we note some simple special cases:
2 n/2 ) if n is even and w is even, 1 2 n w 2 n if n is odd or w is odd.
Proof.
(1): Changing all 0's in a binary code to A's and all 1's to T 's gives a Hammingdistance-preserving bijection between the set of all binary codes of length n and the set of all DNA codes of length n with constant GC-content 0.
(2): Interchange A's with C's, and T 's with G's.
: By (2) we may assume w ≤ n/2. If no two codewords agree in any position, then there can be at most four codewords by the pigeonhole principle. Hence A(n, n, w) ≤ 4 for all w. If there are four codewords none of which agree in any position, then each of the four nucleotides must occur exactly once in each of the n positions, so the average GCcontent of the four words is exactly n/2. This implies that A(n, n, w) ≤ 3 for w < n/2, since in a code with constant GC-content w, the average GC-content is w. If three words each have GC-content w < n/3, then there is some position j in which none of the words has a C or G, and at least two of the three words must agree in this position (both A or both T ). Hence A(n, n, w) ≤ 2 if w < n/3. The following constructions demonstrate the reverse inequalities: For w = n/2, the four words
have pairwise distance n; for n/3 ≤ w < n/2 the three words C w A n−w , T n−w C w and A ⌊(n−w)/2⌋ G w T ⌈(n−w)/2⌉ have pairwise distance n; for w < n/3 the two words C w A n−w and G w T n−w are distance n apart. (4): For w = n/2, the two words A w C w and C w A w satisfy the distance and reversecomplement constraints. For w = n/2, the word C w A n−w satisfies the constraints. These are the largest sets possible, by (3) together with Theorem 7.
(5): This is the total number of DNA words of length n and GC-content w. 
Johnson-type bounds
A code of length n can be shortened to a (usually smaller) code of length n − 1 without increasing the minimum Hamming distance, by choosing any character b ∈ Z q and any position i ∈ {1, . . . , n}, keeping just those codewords that have b in their i-th position, and then deleting the i-th position from these codewords [16] . This procedure is used in proving the following bounds.
Proof. (7): In any set of M words with length n, minimum Hamming distance at least d and constant GC-content w, there is some position i in which at least ⌈wM/2n⌉ codewords have nucleotide C, or some position i in which at least ⌈wM/2n⌉ codewords have nucleotide G -otherwise, the average GC-content would be less than w. Keeping just these codewords, and deleting position i, gives a code with length n−1, GC-content w −1, and minimum Hamming distance at least d. Inequality (8) is analogous, based on the observation that there is some position with at least ⌈(n−w)M/2n⌉ A's or ⌈(n−w)M/2n⌉ T 's.
Remark 3
Upper bounds on A GC 4 (n, d, w) are obtained by repeatedly applying inequalities (7) and (8) , in any order, until n = d, n = w or w = 0, at which point (1)-(3) may be used. (Different orders of applying (7) and (8) may result in different bounds.) One may continue using (8) even after w = 0 (or (7) even after n = w), until n = d, but this amounts to upper-bounding A (see e.g. [3] ). Tighter upper bounds for A 2 (n, d) are known for many n and d -see for example [15] .
Theorem 4 Suppose there is a set of M words of length n, constant GC-content w, and minimum Hamming distance at least d. Write wM = nk + r with 0 ≤ r < n. Then
. Subject only to the constraints that a i + c i + g i + t i = M for each i and that n i=1 (c i + g i ) = wM, the expression D is maximized when c i + g i is as close as possible to wM/n for each i, when a i is as close as possible to t i for each i, and when c i is as close as possible to g i for each i. This is also true when a i , c i , g i and t i are constrained to be integers, as can be proved using the same type of argument as in [19] , for example. Hence the right-hand-side of (9) is an upper bound for the sum of the M 2 pairwise Hamming distances. For the left-hand-side, note that since the Hamming distance between distinct codewords is at least d, the sum of the Hamming distances taken over all M 2 ordered pairs of codewords is at least
If we relax the constraint that the counts a i , c i , g i and t i be integers, Theorem 4 simplifies to the following:
Remark 6 Versions of the bounds in Theorems 2, 4 and 5 for binary constant-weight codes [11, 12] are called Johnson bounds. Johnson bounds have been generalized to q-ary constant-weight codes [25, 7] and to q-ary constant-composition codes (where the number of occurrences of each character in each codeword is prescribed) [22] . They can also be generalized to a setting in which the q characters {0, . . . , q − 1} are partitioned into any number of subsets, with the total number of occurrences from each subset specified. Constant-weight codes correspond to the partition {0, . . . , q − 1} = {0} ∪ {1, . . . , q − 1}, and constant-composition codes to the partition {0, . . . , q − 1} = {0} ∪ · · · ∪ {q − 1}. Our bounds for DNA codes with constant GC-content correspond to the partition {0, 1, 2, 3} = {0, 3} ∪ {1, 2}.
Halving bound
Any upper bound for A GC 4 (n, d, w) yields an upper bound for A GC,RC 4
(n, d, w) by the following result, an analogue of the halving bound for DNA codes with unrestricted GCcontent in [17] . The same proof works here, since the reverse-complement of a DNA word has the same GC-content as the word itself.
is a set of M codewords with constant GC-content w, minimum Hamming distance at least d, and with H(
is a set of words with constant GC-content w and minimum Hamming distance at least d. This set has cardinality 2M provided that
Lower bounds Gilbert-type bounds
If C is set of words in Z n q with the property that the Hamming distance between any pair of words in C is at least d, and if C is maximal in the sense that no more points from Z n q can be added to C without violating this distance constraint, then the balls of Hamming radius d − 1 around the points in C cover all of Z n q . This is the idea behind the Gilbert bound for q-ary codes (see e.g. [20] ), and a similar argument applies to constant-weight codes (see e.g. [4] ). Here we give an analogue for DNA codes with constant GC-content:
Proof. The numerator gives the total number of words with GC-content w. The denominator gives the number of these words that have distance at most d − 1 from any fixed codeword x. (In the denominator,
2 2i is the number of words y with GCcontent w for which H(x, y) is exactly r, and for which there are exactly w − i positions j with x j and y j both in {C, G}.) (12) gives an upper-bound for A GC 4 (n, d, w), since the balls of Hamming radius ⌊(d − 1)/2⌋ centered around codewords must be disjoint. This is an analogue of the sphere-packing bound for q-ary codes -see e.g. [20] . Now define V (n, w, d) = #{x ∈ Z n 4 : x has GC-content w and H(x, x RC ) = d}. Note that since no nucleotide is its own complement, V (n, w, d) = 0 unless n and d have the same parity (i.e., are both even or are both odd).
Lemma 10
For n = 2m + 1 and r = 2e + 1 odd,
Proof. In (13), the index i ranges over the number of positions j ≤ m for which both x j and x 2m−j+1 belong to {C, G}. There are
ways to select these positions, and
2 w−2i ways to select the positions for the remaining w − 2i occurrences of C's or G's. There are then m − w + i positions j ≤ m for which both x j and x 2m−j+1 belong to {A, T }. Note that the j-th coordinate of x necessarily differs from the j-th coordinate of x RC in the w − 2i positions j ≤ m for which one of x j and x 2m−j+1 is in {A, T } and the other is in {C, G}, so there are m−w+2i e−w+2i ways to choose the remaining e − w + 2i positions j ≤ m in which x j differs from the complement of x 2m+1−j . After all these choices have been made, there are two choices for the nucleotide in each position j ≤ m; for the m − w + 2i positions j ≤ m for which x j and x 2m−j+1 both belong to {C, G} or both belong to {A, T }, the nucleotide at x 2m−j+1 is forced by the choice of x j ; for the other w − 2i positions j ≤ m, there are two choices for the nucleotide x 2m−j+1 .
In (14) , the first summand gives the number of words with x m+1 ∈ {A, T } and the second summand gives the number of words with x m+1 ∈ {C, G}.
min{⌊r/2⌋,w,n−w} i=0
Proof. The numerator gives the total number of words with GC-content w that have distance at least d from their reverse-complements, and the denominator gives an upperbound on the number of these words that have distance at most d − 1 from any fixed codeword. (The denominator is an upper-bound rather than an exact count, because the balls of radius d−1 around a word and its reverse-complement might overlap, and because when counting the number of words in these balls we may be including some words y that do not satisfy the condition H(y, y RC ) ≥ d.)
Lexicographic codes
See [6] for an introduction to lexicographic codes. The idea is that all words in Z n q are listed in lexicographic order, i.e., with x = x 1 · · · x n listed before y = y 1 · · · y n if x i < y i , where i is the first position in which x and y differ. Then, starting with the empty code, one proceeds down this list and adds to the code any word whose addition does not violate any of the combinatorial constraints. (Ordinarily these would be a Hamming distance and possibly a Hamming weight constraint, but GC-content and reverse-complement Hamming distance constraints can be enforced as well.) Since the resulting lexicographic codes can accommodate no more codewords without a constraint being violated, they meet or exceed Gilbert-type lower bounds; they often do much better [6] . There are many variants of the standard lexicographic construction, for example the words may be ordered as a Gray code, or one may start with an arbitrary codeword as a seed rather than with the empty code [4] . We used three variants, singly and in combination, to construct DNA codes with the desired constraints: (i) We used different orderings of the characters A, C, G and T when putting the 4 n DNA words of length n in lexicographic order. There are 4! = 24 orderings of the four characters, but because of the symmetry between A and T and between C and G, only 6 of these 24 orderings need to be considered.
(ii) We used offsets, as in [19] : one starts at an arbitrary place in the list of words rather than at the beginning, and loops back around to the beginning of the list when the end is reached.
(iii) We used a "factored" ordering of the DNA words. The 2 n binary words of length n were listed in lexicographic order, u 1 = 0 · · · 0, . . . , u 2 n = 1 · · · 1. As in [17] , we define a mapping ⊙ from pairs of binary words of length n to DNA words of length n, given by x ⊙ y = z where z i = A if x i = 0 and y i = 1; z i = C if x i = 1 and y i = 0; z i = G if x i = y i = 1; and z i = T if x i = y i = 0. Note that ⊙ is a bijection, and that the Hamming weight of x is equal to the GC-content of z. We ordered the 4 n DNA words so that u i ⊙u j comes before u k ⊙ u m if i < k or if i = k and j < m.
When combining variants (ii) and (iii) above, two offsets can be used: one for the binary words in the first slot of x ⊙ y, and another for those in the second slot.
We used the above three approaches to construct DNA codes with constant GCcontent, both with and without the reverse-complement constraint, for a variety of parameters n, d and w. Using offsets of zero and an average of about ten random offsets, we found codes that are larger than the codes given in [14, 14, 24] for many choices of parameters. The sizes of the lexicographic codes are given in Tables 1 and 2 , and the offsets used to generate these codes are given in Tables 3 and 4 .
Product bounds
The lexicographic constructions described above do not scale well to large n. One can avoid the burden of explicitly computing distances between all pairs of codewords (and also the burden of explicitly listing all codewords) by using modifications of algebraic constructions such as linear codes. For example, a DNA code with minimum Hamming distance at least d and constant GC-content w can be constructed by taking any linear code over Z 4 (or the Galois field F 4 [5] or the Kleinian four-group [10] ) that has minimum Hamming distance d, and selecting only those codewords with exactly w occurrences of two fixed characters.
In this section we give lower bounds for DNA codes that are constructed from binary codes, binary constant-weight codes, and ternary constant-weight codes, for which a variety of algebraic constructions are known (e.g. [16, 4, 19] ).
Note that the reverse-complement operator RC can be viewed as the composition of two (commuting) operators R and C, where R maps x 1 · · · x n to x n · · · x 1 and C replaces each coordinate x i with its complement x i . We state the product bounds below in terms of constraints on R rather than on RC to make the arguments cleaner. (This approach was used in [17] .) The values A (n, d, w) using the following result:
Proof. The analogous result for DNA codes with unrestricted GC-content was proved in [17] , and essentially the same proof works here. Given a set of codewords of length n, if we replace all the entries in any subset of the positions by their complements, the GC-content of each codeword is preserved, as is the Hamming distance between any pair of codewords. The Hamming distance between a codeword and the reverse or reversecomplement of another codeword is not in general preserved, but if n is even and we replace the first n/2 coordinates of each codeword x i by their complements to form a new word y i , then H(x i , x R j ) = H(y i , y RC j ) for all codewords x i and x j . Similarly, if n is odd and we replace the first (n − 1)/2 coordinates of each codeword x i by their complements to form y i , then |H(
Proof. For (18) and (19) , note that if B 1 is a set of binary words with length n, Hamming weight w and minimum Hamming distance d, and if B 2 is a set of binary words with length n and minimum Hamming distance d, then D = {x ⊙ y : x ∈ B 1 and y ∈ B 2 } is a set of DNA words with length n, GC-content w and minimum Hamming distance d. If, in addition, (20) is proved in the same manner as (19) .
For (21)- (23) we first define a function ⊘ that maps a pair consisting of ternary word x of length n and Hamming weight w, and a binary word y of length n − w, to a DNA word z = x ⊘ y of length n. This map is defined by z i = C if x i = 1; z i = G if x i = 2; z i = A if x i is the j-th zero-entry in x and y j = 0; and z i = T if x i is the j-th zero-entry in x and y j = 1. The argument now proceeds as for (18)- (20) .
Remark 14
Lower bounds for A 2 (n, d, w) can be found in [4] , lower bounds for A 2 (n, d) in [3, 15] , and lower bounds for A 3 (n, d, w) in [19] . The bounds on ternary constant-weight codes in [19] also apply directly to DNA codes with constant C-content over the threeletter alphabet {A, C, T }. This restricted alphabet is used by some researchers to reduce the probability of individual codewords having "secondary structure" such as hairpin loops [18, 8] -note also that if x and y are DNA words over {A, C, T } with C-content at least d, the reverse-complement Hamming distance constraint H(x, y RC ) ≥ d is automatically satisfied.
Remark 15
Inequalities (18)- (20) are analogues of the product bounds for DNA codes with unrestricted GC-content in [17] ; (18) is also a generalization of the "template-map" construction used in [14] for codes with constant GC-content -in that construction, a constant-weight binary code acts as the "template" (corresponding to the first factor in (18)), and the same constant-weight binary code, with at most two words of other weights added in, acts as the "map" (corresponding to the second factor in (18) ). This gives a DNA code of size no larger than A 2 (n, d, w) · A 2 (n, d), and when A 2 (n, d, w) + 2 < A 2 (n, d) this gives a strictly smaller code (e.g., A 2 (n, 2, w) = n w , which can be much less than A 2 (n, 2) = 2 n−1 ). But for the parameters w = d ≈ n/2 considered in [14] , this difference can be inconsequential; in particular, A 2 (n, n/2, n/2) = A 2 (n, n/2) − 2 = 2n − 2 whenever a Hadamard matrix of order n exists [21] , i.e. for all n divisible by 4 up to at least n = 424. Note that even when optimal binary codes are used as factors, the lower bounds derived from product codes are not in general tight -for instance, A 2 (12, 6, 6)·A 2 (12, 6) = 22 · 24 = 528, while we constructed a lexicographic code showing that A w (w + 1)/w 2 ; the product-code construction gives a code of size at most A 2 (2w, w, w) · A 2 (2w, w) ≤ (4w − 2)4w. (The "template-code" construction used in [1, 13] is similar to the template-map construction discussed above, but with an additional constraint to prevent codewords from hybridizing to concatenations of other codewords.)
Below we show that product codes can be optimal when d = 2:
upper bounds computed using Theorems 2, 4 and 7 (the Johnson-type bounds and the halving bound).
Guide to superscripts in Tables 1 and 2 : a. Not explicitly constructed lexicographically; value from Theorem 16. b. Not explicitly constructed lexicographically; value from Theorem 15. * . Larger code constructed using stochastic local search in [24] (size given in superscript). (n, d, w) with n ≤ 12 (n even), d ≤ n and w = n/2. 
Remark 18
In [23] and [14] , lower bounds for A GC 4 (n, d, w) are given for 4 ≤ n ≤ 20 (n odd or even) with w = d = ⌊n/2⌋. Though not covered in Table 2 , we also improved upon these bounds for n = 5, 7, 9, 11 and 13-20 using lexicographic constructions. Tables 3 and 4 record the nucleotide-orderings and the offsets used in constructing the lexicographic codes whose sizes are given in Tables 1 and 2 . Entries are written either in the form offset 1 ⊙ offset 2 for the "factored" lexicographic variant, or as offset k , with the superscript k ∈ {1, 2, 3, 4, 5, 6} indicating the nucleotide-ordering used, as follows: 1 = (A < C < G < T ); 2 = (C < G < A < T ); 3 = (A < T < C < G); 4 = (C < A < T < G); 5 = (C < A < G < T ); 6 = (A < C < T < G). Note that we list all offsets in base-16 rather than base-4 or base-2 for compactness, and that the offset need not itself be a codeword since it may not satisfy the GC-content constraint or it may be too close to its own reverse-complement. (We re-used seeds for our random-number generator, which is why some of the same "random" offsets appear for more than one entry.) Table 3 . Offsets used to generate lexicographic codes giving lower bounds in Table 1.   n\d  2  3  4  5  6  7  8  9  10  11 12  4 59
